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Abstract. During the shock-wave propagation in a core-collapse supernova (SN), matter
turbulence may affect neutrino flavor conversion probabilities. Such effects have been usually
studied by adding parametrized small-scale random fluctuations (with arbitrary amplitude)
on top of coarse, spherically symmetric matter density profiles. Recently, however, two-
dimensional (2D) SN models have reached a space resolution high enough to directly trace
anisotropic density profiles, down to scales smaller than the typical neutrino oscillation length.
In this context, we analyze the statistical properties of a large set of SN matter density
profiles obtained in a high-resolution 2D simulation, focusing on a post-bounce time (2 s)
suited to study shock-wave effects on neutrino propagation on scales as small as O(100)
km and possibly below. We clearly find the imprint of a broken (Kolmogorov-Kraichnan)
power-law structure, as generically expected in 2D turbulence spectra. We then compute
the flavor evolution of SN neutrinos along representative realizations of the turbulent matter
density profiles, and observe no or modest damping of the neutrino crossing probabilities
on their way through the shock wave. In order to check the effect of possibly unresolved
fluctuations at scales below O(100) km, we also apply a randomization procedure anchored
to the power spectrum calculated from the simulation, and find consistent results within
±1σ fluctuations. These results show the importance of anchoring turbulence effects on SN
neutrinos to realistic, fine-grained SN models.
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1 Introduction
The neutrino flux emitted during a core-collapse supernova (SN) explosion represents an
intriguing astrophysical case where flavor transformations exhibit a strong sensitivity both on
the core-collapse dynamics and on unknown neutrino properties (such as the mass hierarchy).
The relevant phenomena depend strongly on the background fermion density and thus on
the radial distance r from the SN center.
In the deepest SN regions [r . O(102 − 103) km] the neutrino density is so high that
neutrino-neutrino interactions become dominant [1, 2] and can induce a neutrino refractive
index responsible for collective flavor conversions; see, e.g., [3–6] and the recent review [7].
The main observable features of such flavor transitions consist in an exchange of the spectrum
of the electron species νe (ν¯e) with the non-electron ones νx (ν¯x) in certain energy intervals,
giving rise to so-called spectral “swaps” and “splits” [8–10].
While neutrinos propagate towards larger radii, their collective conversions get sup-
pressed as their distribution becomes increasingly radially beamed so that eventually the
flavor conversions are dominated by the ordinary matter. In this context, many studies
have analyzed possible signatures of the Mikheyev-Smirnov-Wolfenstein (MSW) matter ef-
fect [11, 12] in increasingly realistic and detailed SN density profiles. For example, since
the neutrino conversion probabilities depend on the time-dependent matter profile, a high-
statistics SN neutrino observation may also reveal signatures of shock-wave propagation at
late times (i.e. t & 2 s after the core-bounce) [13–17]. The transient violation of the adia-
baticity condition when neutrinos cross the shock-front would then emerge as an observable
modulation of the neutrino signal. This signature would be particularly interesting to follow
in “real-time” the shock-wave propagation, as well as to probe the neutrino mass hierarchy.
A realistic characterization of matter effects during neutrino propagation across the SN
shock wave must also take into account stochastic density fluctuations and inhomogeneities of
various magnitudes and correlation lengths in the ejecta layer in the wake of the shock front.
These anisotropies and perturbations are a result of hydrodynamic instabilities between the
proto-neutron star and the SN shock during the very early stages of the SN explosion. They
lead to large-scale explosion asymmetries and turbulence in a dense shell of shock-accelerated
ejecta, which subsequently also seed secondary instabilities in the outer shells of the exploding
star (e.g., Refs. [18–24]).
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Neutrino flavor conversions in a stochastic matter background have been subject of
intense investigations both in a general context [25–31] and specifically in relation to SN
neutrinos [32–34, 36–40]. In general, one expects that stochastic matter fluctuations of
sufficiently large amplitude may suppress flavor conversions and eventually lead to flavor
equilibration between electron and non-electron species. Therefore, the spectral properties
of the fluctuations are very important for understanding the neutrino signal emerging from
a core-collapse SN.
Ideally, the study of matter density effects on neutrinos propagating through a SN shock
wave should be based on input matter profiles derived from advanced and preferably non-
isotropic SN models, with space resolution smaller than typical oscillation lengths. Such
models should be evolved to the late times (a few seconds) relevant for shock-wave effects
on neutrinos. In the absence of such ideal and rather demanding requirements, many phe-
nomenological studies have characterized the turbulence in terms of “plausible” disturbances,
with arbitrary or tunable amplitudes, superimposed to shock-wave profiles derived by coarse,
spherically symmetric SN models.
In this context, several relevant works aimed at characterizing and modeling the fluctua-
tion spectra beyond earlier approximations [33, 34] of delta-correlated noise. 1 In particular,
in [36] a general description of the turbulence was proposed, by modeling the density fluc-
tuations via a Kolmogorov-type power spectrum. This model would allow to include matter
fluctuations on all the scales between the shock-front radius and the cut-off scale by viscous
dissipation. A “shadow effect” on the shock-wave signature was estimated for sufficiently
large fluctuations. In [37] it was described how to generate a fluctuation power-spectrum on
top of an undisturbed density profile through the “randomization method” [38]. Parametric
studies were recently performed to investigate the dependence of the damping effects on the
amplitude of the fluctuations [39], and the impact on signatures related to the shock wave
and to collective oscillations [40].
We build upon previous works on this topic, by anchoring the turbulence spectra to high-
resolution SN simulations which have become available in recent years, although still in two-
dimensional (2D) approximation. In particular, 2D simulations extending from core bounce to
the late post-bounce times relevant for neutrino propagation have become available by works
of the Garching group [18, 19]. Very interestingly, the power spectra of radial density profiles
from such simulations show the typical imprint expected from 2D turbulence.2 The aim of
the current study is thus to perform a self-consistent study of the SN matter turbulence by
using such 2D simulation inputs, eventually improved with randomized fluctuations at small
scales below O(100) km, which are not necessarily captured by the simulations themselves
at large radii.
We also mention that, although first three-dimensional (3D) simulations covering the
relevant SN stages some seconds after core bounce have been carried out more recently [21,
23, 24], the resolution of these models is still much coarser than those of the 2D calculations
used for the analysis in our paper. Moreover, due to the lack of sufficient resolution and thus
the overestimation of numerical dissipation, the expected Kolmogorov power law [42, 43]
cannot be recovered by preliminary analyses of the corresponding fluctuation spectra. For
these reasons we shall limit ourselves to the 2D simulations of [18, 19] in this work.
Our results are presented as follows. In Sec. 2 we describe the input matter profiles
as taken from our reference 2D SN model. In Sec. 3 we perform a statistical study of the
1Neutrino propagation through non delta-correlated turbulence was also studied in [35].
2A preliminary characterization of turbulence spectra for these 2D simulations was presented in [41].
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matter power spectra of the density fluctuations in the different radial directions. We find
that these spectra can be described by broken power-laws, with a “typical” structure which
is actually the imprint of two-dimensional turbulence. In Sec. 4 we use some representative
turbulent matter profiles to calculate the neutrino crossing probabilities. We find that, by
taking our reference SN profiles at face value, turbulence provides no or modest damping
of flavor transitions. As a relevant consequence, the shock-wave signature on the neutrino
crossing probabilities should hopefully remain observable in the neutrino signal from a future
galactic SN explosion. In Sec. 5 we investigate the effect of fluctuations on scales smaller than
the typical resolution of the simulations, by generating them with a randomization method
anchored to larger scales. We find that such small scale fluctuations may provide limited
additional damping in some cases, but do not qualitatively alter the main picture emerging
from the 2D simulations. Finally, in Sec. 6 we discuss and summarize our findings.
2 Our numerical SN model in 2D
Our investigations are based on results of the 2D SN explosion simulations of a nonrotating,
15M⊙ star (a blue supergiant progenitor model of Supernova 1987A from [44]) described
in detail in Ref. [19]. The explosions via the neutrino-heating mechanism were launched
by suitably chosen neutrino luminosities from the high-density core of the nascent neutron
star, and the evolution was continuously modelled in 2D from a few milliseconds after core
bounce until 20,000 seconds later. The adaptive mesh refinement code AMRA was used,
which allowed to temporarily achieve a radial resolution equivalent to covering the entire
star (out to its surface radius of roughly 3 × 1012 cm) with 2.6 million equidistant radial
zones, although only 3072 radial zones were effectively used on the finest resolution level
of the adaptive numerical grid. A linear interpolation was used among the different zones.
During the simulation all hydrodynamical quantities were interpolated with a higher order
(PPM = piecewise parabolic) scheme within the grid cells. The effective number of angular
zones on the finest grid level was 768. The exact use of the 2D grid was described in [18] to
which we address the reader to that reference for further details. In the following we made
use of the model run b18b of [19], whose explosion energy had a value of 1051 erg.
For the further analysis, the computational output in the relevant (dynamically chang-
ing) radial region was mapped to a uniform spatial polar grid of 3072 radial and 768 angular
zones. From these data of the two-dimensional SN model at different evolution times we
extracted the matter density profiles on N = 768 radial directions, having an angular sep-
aration of ∆θ = 180◦/768 ∼ 0.234◦. On each direction the radial resolution is as fine as
δr ∼ O(10) km at late times (t ∼ few s).
In Fig. 1 we show the radial evolution of angle-averaged density profiles,
ρ(r) =
1
N
N∑
i=1
ρi(r) , (2.1)
at different post-bounce times (1, 2 and 3 seconds). One recognizes that the SN shock wave
at rF , while propagating outwards at supersonic speed, is followed by a dense shell delimited
by two flow discontinuities, the forward shock front (at rF ) on the one side and an inner
one, called reverse shock front at position rR with rR < rF . The forward shock expands
into the hydrostatic density profile of the progenitor star at r > rF . The reverse shock is
a consequence of the fast neutrino-driven wind (a low-density, high-entropy outflow blown
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Figure 1. Radial evolution of the angle-averaged SN matter density profile in our numerical cal-
culation at the indicated post-bounce times. The positions of the forward-shock shock (rF ) and of
the reverse-shock (rR) at t = 2 s are roughly indicated. It is important to note that because of the
global nonsphericity of the explosion (cf. Fig. 2) both forward and reverse shocks appear smeared
out in the angle-averaged profiles more widely than caused by the finite numerical resolution. The
horizontal band corresponds to the density range of resonant neutrino oscillations in matter with the
atmospheric mass difference. The width of the band reflects the energy range E ∈ [5, 50] MeV.
off the nascent neutron star’s surface by continuous neutrino heating) colliding with the
slower, shock-accelerated SN ejecta (a detailed discussion can be found in [22, 45]). The
layer between both shocks contains the anisotropic and strongly perturbed neutrino-heated
ejecta, which were subject to hydrodynamic instabilities before the onset of the explosion.
The initial asymmetries continue to grow and trigger secondary mixing and fragmentation
processes in this shell, leading to large inhomogeneities of the density distribution on all scales
from the global one down to the resolution limit of the numerical simulation (see Fig. 2).
The MSW effect causes a resonant level crossing in neutrino oscillations when [46]
∆m2atm
2E
≃ ±
√
2GFYeρ , (2.2)
where ∆m2atm = m
2
3 − m21,2 is the atmospheric mass-square difference, while the plus and
minus sign at the right-hand-side refers to neutrinos ν and antineutrinos ν¯, respectively. 3
Therefore, for normal mass hierarchy (NH, ∆m2atm > 0) the resonance occurs in the ν channel,
while for inverted mass hierarchy (IH, ∆m2atm < 0) it happens for ν¯. The electron fraction
Ye in Eq. (2.2) is ∼ 0.5 in the region relevant for the MSW effect.
With the horizontal band in Fig. 1 we indicate the density region corresponding to
resonant neutrino oscillations for a typical SN neutrino energy range E ∈ [5, 50] MeV and
for ∆m2atm = 2.0×10−3 eV2 (used hereafter), close to the current best-fit value [47]. It turns
out that the case of t = 2 sec in Fig. 1 represents the best time snapshot to have resonant
flavor conversions for all the relevant neutrino energies, both across the sharp forward shock
front and along its turbulent wake (back to the reverse shock front). The t = 2 sec profile
3We explicitly checked that the dependence of the SN resonant flavor conversions on the subleading “solar”
squared mass gap ∆m2sol and mixing angle θ12 is negligible for our SN model.
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Figure 2. Two-dimensional density plot of the SN simulation at t = 2 sec after supernova shock
formation. The thick solid line marks the angle-dependent shock front position. The outer (inner)
dashed line marks the average forward shock (reverse shock) front radius.
also happens to have the best radial resolution (δr = 15.3 km) as compared to the others at
lower or higher post-bounce time (where δr = 46.3 km or higher). Therefore, in the following
we will take this case as benchmark for our study.
The reason for showing first the angle-averaged radial profile is that, in our reference 2D
simulations, the matter density in different directions exhibits large variations with respect
to the average, which in some cases make it difficult to recognize the forward+reverse-shock
structure. In this context we present in Fig. 2 the two-dimensional density plot for our
reference SN simulation at t = 2 s. The forward shock position rF (θ) in different directions
(connected by the solid tick curve) can be rather different from the average one at rF =
2.7 × 104 km (dashed curve). Moreover, not at all angles the reverse shock is clearly visible
in Fig. 2, although it emerges at rR ∼ 6×103 km (inner dashed curve in Fig. 2) after angular
averaging (see Fig. 1). Like the forward shock, the reverse shock is highly aspherical. It is
strong at the head of slowly expanding, high-density downflows, whereas it is weak in regions
where high-entropy, low-density bubbles rise faster by acceleration through buoyancy forces.
The average position is determined by the massive, dense downdrafts. For later purpose, we
shall take an average range of ∆r = rF − rR = 2.1 × 104 km as representative of the radial
interval between the two shock waves, where turbulence is important.
In order to show the large density variations and differences radial profiles can exhibit,
we plot the radial matter-density profiles along three representative directions in Fig. 3.
While the matter profiles in the direction i = 9 (corresponding to θ = −88.0◦) in the left
panel and at i = 466 (θ = 19.2◦) in the right panel are rather smooth, the profile at i = 177
(θ = −48.5◦) in the middle panel displays a ragged behavior downstream of the forward shock
(at r < rF ), with many contact discontinuities due to intense turbulence. The horizontal
bands represent the MSW resonant regions for the same energy range as in Fig. 1.4 We realize
that, in general, multiple resonances can arise along the matter-density profile behind the SN
shock front (i.e., at r < rF ). Since the resonance pattern is quite different in these three cases,
4 We remark that the shock fronts from the SN simulations have been steepened “by hand,” in order to
correct artifacts due to finite resolution. This correction is needed to properly account for strong violations
of adiabaticity in neutrino flavor conversions across the shock discontinuity.
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Figure 3. SN matter density profiles for three representative directions at post-bounce time t = 2 s.
The horizontal band represents the resonant region for the same energy range of Fig. 1.
one might expect a different impact of turbulence on the conversion probabilities. However,
as we shall see in Sec. 4, the impact of fluctuations is actually quite modest, although it may
somewhat increase by adding further small-scale fluctuations via randomization (see Sec. 5).
3 Power-spectrum of the matter density fluctuations
While there is little to be learned from a mere collection of density profiles ρi as in Fig. 3
–as a big variety of different cases can be observed– it turns out that the power spectra of
these fluctuations show consistently the characteristic imprint of the two-dimensional theory
of turbulence, which predicts a broken-power-law spectrum with exponents p1 ∼ 5/3 and
p2 ∼ 3 on very general grounds (e.g., [48, 49]). In this section we thus perform a systematic
statistical study of turbulence spectra along the 768 different directions of our reference
SN model, which will also allow us to compare our findings with other assumptions most
commonly found in the previous literature.
In order to compare the power spectra of the matter density profiles along different
directions, it is useful to fix a common range ∆r over which the Fourier transforms will
be evaluated. As commented in the context of Fig. 2, we assume ∆r = 2.1 × 104 km,
corresponding to the distance between the radii of the mean forward and reverse shocks.
This assumption is not crucial for our findings (as we have explicitly checked), and is adopted
hereafter only for the sake of clarity and of homogeneity in the comparison of spectra at
different angles. With this in mind, for each direction i, we evaluated the power spectrum
over the range [riF −∆r, riF ], in which riF is the radius of the forward shock front along the
i-th direction (solid curve in Fig. 2).
In the region where matter effects are relevant [see Eq. (2.2)], the neutrino oscillation
length in matter is approximately given by [33]
λm ≃ 60 km
(
E
10 MeV
)(
2× 10−3 eV2
∆m2atm
) (
0.2
sin 2θ13
)
, (3.1)
where in our numerical calculations we take a reference value sin2 θ13 = 0.02, consistent with
recent global data analyses [47] (and corresponding to sin 2θ13 = 0.28). Therefore, it turns
out that the radial simulation resolution δr, the neutrino wavelength in matter λm, and the
radial range ∆r chosen for the Fourier transform, satisfy the correct length-scale hierarchy
– 6 –
1 5 10 50 100 500
10-9
10-7
10-5
10-3
10-1
10
n
P i
 
Hn
L
nB
1 5 10 50 100 500
10-9
10-7
10-5
10-3
10-1
10
n
P i
 
Hn
L
nB
1 5 10 50 100 500
10-9
10-7
10-5
10-3
10-1
10
n
P i
 
Hn
L
nB
Figure 4. Power spectra of the three matter density profiles in Fig. 3. They are representative of
three different cases in which the break of the power spectrum appears at low (left panel, nB ∼ 10),
intermediate (central panel, nB ∼ 30), and high (right panel, nB ∼ 100) wave-number index.
expected for a realistic representation of small-scale fluctuations,
δr < λm ≪ ∆r , (3.2)
in the whole energy range relevant for SN neutrinos.
This hierarchy suggests that the radial resolution of our reference SN simulation is
good enough to characterize the small scales relevant for neutrino oscillations in a turbulent
environment, and (secondarily) that the shock wave extends over many oscillation cycles.
Therefore, it makes sense to derive the spectral properties of the matter fluctuations directly
from the matter density profiles, taken at face value along different directions. We anticipate,
however, that the hierarchy in Eq. (3.1) is not necessarily guaranteed at large radii by the
worsening of the transverse resolution; this issue will be separately discussed in Sec. 5.
For the spectral analysis, we define the density contrast
∆ρi(r) =
ρi(r)− ρ¯i
ρ¯i
, (3.3)
where ρ¯i is the average density over the range [r
i
F −∆r, riF ], and expand it in a Fourier series:
∆ρi(r) =
+∞∑
n=−∞
ci(n)e
iknr , with kn =
2pin
∆r
. (3.4)
The Fourier transform
ci(n) =
1
∆r
∫ ri
F
ri
F
−∆r
∆ρi(r)e
−iknrdr (3.5)
is then squared to give the power spectrum:
Pi(n) = 4|ci(n)|2 . (3.6)
In the following, we shall refer only to wave-number indices n ≥ 1, since ci(−n) = c∗i (n).
Figure 4 shows the Pi(n) values (dots) as a function of n for the same three directions of
Fig. 3 (corresponding to i = 9, 177, 466). The points appear to be clustered along a rapidly
decreasing curve, which, however, cannot be represented by a single slope in any of these
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Figure 5. Distributions of the four parameters A, nB, p1, p2 of the broken-power law spectra of the
density contrast [Eq. (3.7)] for the N = 768 radial directions.
three cases. Indeed, in such cases (as well as in all other directions, not shown), we find that
the Fourier spectrum is quite reasonably represented by a two-slope line, i.e. by a broken
power-law of the kind
Pi(n) =
{
A2i n
−p1 for n ≤ nB ,
A2i n
p2−p1
B n
−p2 for n ≥ nB , (3.7)
where A is the overall amplitude of the power-spectrum and nB is the wave-number index
where the power-law spectrum changes the exponent from −p1 to −p2.
For each of the 768 directions, we fit Pi(n) in terms of four independent parameters
A, nB, p1, and p2 as in (3.7), see dashed thick lines in Fig. 4. The distributions of the fit
parameters are shown in Fig. 5, where either linear or logarithmic scale was chosen in order
to obtain more symmetric and “gaussian” distributions. The peak values and 1σ range of
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Figure 6. Synopsis of fit results in terms of a broken power law (thick line), with exponent changing
from p1 to p2 at some wave number nB. The ±1σ errors on nB and on P (nB) are represented by a
cross, while the ±1σ uncertainties of the exponents p1 and p2 are represented by dashed lines with
different slopes. The power spectrum is compatible with the expectations from the Kolmogorov-
Kraichnan theory of 2D turbulence; see the text for details.
the fit parameters are reported here:
A = 0.44+0.24−0.17 ,
nB = 21
+38
−14 ,
p1 − 5/3 = 0.18+0.54−0.77 ,
p2 − 3 = −0.04+0.57−0.63 . (3.8)
The spectral indices, p1 and p2, of the two slopes of the broken power law are already
expressed in terms of the values predicted for them by the Kolmogorov-Kraichnan theory of
two-dimensional turbulence [48], namely 5/3 and 3, respectively (see [49] for a recent review),
which are indeed compatible with our results at 1σ.
Finally, Fig. 6 shows the synopsis of our fit results in terms of a broken power law with
spectral indices p1 and p2 as in Eq. (3.7) (thick line) and 1σ error ranges (dashed lines). The
possible horizontal and vertical shift of the break is also shown, and takes into account the
uncertainty at 1σ C.L. on the determination of nB and of P (nB). Our findings show that
2D turbulence imprints clearly emerge with the expected spectral features from our reference
SN simulation. We have found similar spectral results also for other post-bounce times (not
shown).
4 Neutrino crossing probabilities
In the previous section we have shown that the reference SN density profiles embed the
expected turbulence patterns, and trace them with a space resolution appropriate to study
flavor transitions in matter. We now analyze such transitions in detail.
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Figure 7. Neutrino crossing probability PH as function of energy E for the three SN matter density
profiles of Fig. 3 (gray curves). In the black curves, phase effects are averaged out.
The main theoretical quantity associated to neutrino flavor change in SNe is the so-
called crossing probability PH , taking the same form for neutrinos and antineutrinos (see
[14] and refs. therein)
PH = PH(∆m
2
atm, sin
2 θ13, E, ρi(r)) . (4.1)
The crossing probability parameterizes the deviations with respect to a pure adiabatic neu-
trino flavor evolution in matter [46]. Indeed, violations of the adiabaticity would imply pos-
sible level crossings among the instantaneous neutrino mass eigenstates in matter. These vi-
olations could be relevant especially at the resonance points [Eq. (2.2)]. For a non-monotonic
matter density profile like the one encountered by neutrinos in SN, multiple level crossing
can occur. In this case, one expects that the strongest violation of adiabaticity would occur
when neutrinos propagate across the shock-front discontinuity. In this case, the crossing
probability PH ≃ 1. Conversely a purely adiabatic propagation would correspond to PH = 0.
The survival probability Pee of SN neutrinos at Earth (neglecting Earth matter crossing) is
related to the crossing probability PH as follows:
Pee ≃


sin2 θ12 PH (ν, NH),
cos2 θ12 (ν, NH),
sin2 θ12 (ν, IH),
cos2 θ12 PH (ν, IH).
(4.2)
From the above equations, it appears that PH can modulate the (otherwise constant) survival
probability of νe in normal hierarchy and of ν¯e in inverted hierarchy, thus providing an
important handle to solve the current hierarchy ambiguity.
In order to compute PH , we have numerically integrated flavor evolution equations along
all the available matter density profiles, although we shall focus only on the representative
ones shown in Fig. 3, for the sake of simplicity. We closely follow the approach of Ref. [14]
to compute PH (the interested reader is referred to this reference for further details). In
particular, since matter effects are dominant at large radii (r & 103 km) we neglect non-
linear effects associated with neutrino-neutrino interactions that occur at smaller radii.
In Fig. 7 we depict the crossing probability PH for the three chosen representative
cases, as a function of the neutrino energy E (gray curves). In all cases, PH exhibits the
typical top-hat structure widely discussed in previous literature (as quoted, e.g., in [14]). In
particular, PH rapidly jumps from zero to ∼ 1 for E ∼ 10 MeV. The energy range where
PH ∼ 1 corresponds to resonances occurring within the forward shock front, where extremely
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non-adiabatic transitions take place. Indeed, as shown in [14], for values of sin2 θ13 as large
as the measured one, the crossing probabilities occurring before the shock front and along
the static profile ahead of the shock are exponentially suppressed. Instead, the energy width
of the top-hat function depends on the height of the shock front relative to the resonance
band in Fig. 3. In the left and central panels the resonance band intersects the forward
shock front for all the range [5, 50] MeV. Therefore, in all this energy range the resonance
occurring within the shock front gives PH ∼ 1, while the value of PH drops to zero outside
this energy range. Conversely, in the right panel the energy range of PH ∼ 1 is smaller, since
the resonance occurs on the static profile already at E & 40 MeV, where PH drops to zero.
We also realize that, while in the right panel the PH(E) function has a smooth profile,
in the other panels it presents an oscillatory behavior in the energy range around E ∈
[10, 30] MeV. This oscillatory behavior is due to the phase effect caused by the interference
between multiple narrowly-spaced resonances [50] corresponding to a rapidly and largely
fluctuating turbulent profile (see Fig. 3). In practice, the observability of this oscillatory
pattern is severely limited by the inability of the detectors to reconstruct the neutrino energy
precisely [50], leading to a smeared PH profile. For illustration, the black curves in Fig. 7 are
obtained by convoluting the gray ones with a “top-hat” energy resolution function having
±0.5 MeV width, so as to enforce an effective phase averaging (smearing).
Independently of the details, we find that PH can be sizable in all the three panels
of Fig. 7, and is not significantly suppressed in those cases where fluctuations are evident
(left and middle panels) as compared with the case having a smoother matter profile (right
panel). Moreover, although the three corresponding matter density profiles are associated
with power spectra having a break at rather different nB (see Fig. 4), the global behavior of
PH is rather similar, i.e., there is no evident link between the break in the power spectrum
and the behavior of PH . Indeed, what is mostly relevant for the shape of PH is the presence
of a crossing (resonance) within the forward shock. This fact is mostly related to the height
of the shock front rather than to the presence of the turbulence. Indeed, as already noticed
in [40], the “large” measured value of θ13 makes the resonances more adiabatic downstream
of the forward shock front. Then, the main effect of turbulence is the phase effect which
increases with the amplitude of the fluctuations. In addition, in none of the cases considered
the turbulence has enough strength to strongly “damp” the profile of the PH . Large damping
(with PH ∼ 0.5) was found in [33] where “delta-correlated” fluctuations were considered, with
correlation scale of L = 10 km and a fluctuation amplitude of a few %. Such a hypothetical
amplitude is actually much larger than what our simulation gives on the same length scale.
Indeed, the density contrast on a scale L ∼ 10 km, is given by ∆ρ ∼ A(∆r/L)−p1/2 ∼ 3×10−4
for our best fit values [see Eq. (3.8)].
In [40] a Kolmogorov-like fluctuation power-spectrum (characterized by a single expo-
nent p1 = 5/3 in 3D turbulence theory) was included through the “randomization method” [38]
on top of an undisturbed density profile. A parametric study was performed for different val-
ues of the overall amplitude of the fluctuation power-spectrum, including cases with “small”
values (of the same order of those emerging in our reference SN model). In particular, for a
power-spectrum amplitude A of 0.1−0.3, comparable with the amplitude A from our simula-
tions (see Fig. 3), no significant damping was found, while phase effects were still present. We
qualitatively agree with such findings, but the intrinsic differences between our SN models
(plus the fact that collective and matter effects are combined in [40]) prevent a more detailed
comparison. In any case, we remark that our results are directly linked to a simulation rather
than to a parameterization.
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5 Reconstructing small scale fluctuations with the randomization method
In the previous Section the crossing probability PH has been evaluated by integrating the
neutrino flavor evolution equations along same representative density profiles, taken directly
from our reference 2D simulations. As discussed in Sec. 2, for the time snapshot we are con-
sidering (t = 2 s) these simulations have the best radial resolution (δr = 15.3 km). However,
given the angular separation of ∆θ ∼ 0.234◦ among two radial consecutive trajectories, it
follows that the transverse resolution is given by
δr⊥ = 4.09 km
( r
103 km
)
. (5.1)
Therefore, at the relatively large radii characterizing the shock front (average value rF =
2.7 × 104 km), where flavor conversions largely develop, the transverse resolution can be
δr⊥ ≃ 110 km, which is definitely worse than the radial one.
Since turbulence develops both in radial and transverse directions, this fact implies that
the simulations might not really resolve length scales below O(102) km at typical shock-front
radii. From the viewpoint of the power spectrum P (n), this length scale corresponds to a
multipoles number n⊥ ≃ 200. In other words, the spectrum features for n > n⊥ might not
be correctly captured by the available simulations.
We stress that this limitation does not invalidate the statistical analysis of the power
spectra in Sec. 3. Indeed, in the vast majority of analyzed cases the spectrum “knee” (i.e.,
the multipole nB) is found below n⊥ ≃ 200 (see the upper right panel of Fig. 5). However,
an overall resolution of O(100) km can be of the same order or larger than typical oscillation
lengths, and may invalidate the hierarchy in Eq. (3.1), with possible alterations of the PH(E)
profiles discussed in Sec. 4.
In order to overcome this limitation and to investigate the effect of small scales not
directly resolved by the simulations, it is necessary to rely on some procedure to “continue”
the power-spectrum for multipoles larger than n⊥. At this regard, in the literature it has
been proposed to generate random fluctuations with a given power spectrum by means of the
“randomization method” [38]. In [37, 39, 40] this method was applied to generate fluctuations
over smooth 1D density profiles, assuming a Kolmogorov spectrum with tunable amplitudes.
Herein, we investigate a variant of this randomization procedure. We take the previous
(Sec. 3) fluctuation spectra at face value for n ≤ n⊥, and randomize them only for n > n⊥;
for definiteness we take n⊥ = 200, although the precise number chosen for n⊥ is of little
relevance. We also anchor the small-scale randomization to large-scale spectral features as
follows.
After truncating the power spectra at n⊥, we have studied the distribution of the ampli-
tudes |cn| = 12
√
P (n) [see Eq. (3.6)] along each direction. In particular, we have considered
their residuals with respect to the values |c¯n| expected from the best-fit, broken power-law
spectrum (as represented, e.g., by the continuous lines in Fig. 4). As it can be seen at a
glance in Fig. 4 (as well as for other profiles, not shown), the typical scatter of residuals is
relatively similar in different profiles (in logarithmic scale). We found that the distribution
of the fractional log-residuals, defined as
δn =
log |cn| − log |c¯n|
log |c¯n| . (5.2)
is approximately gaussian in each of the 768 truncated spectra, with central value always
close to zero, and variance quite similar for all the trajectories, within a factor less than two.
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Figure 8. Phase-averaged crossing probability PH : comparison of the results reported in the central
panel of Fig. 7 (thick line) with the results obtained from 100 realizations of the randomization
procedure (dashed line with ±1σ dispersion gray band).
A conservative estimate for the overall variance of the residuals is σ2 ≃ (0.02)2, for
n ≤ n⊥. We then assume that the |cn| values for n > n⊥ are also scattered around the best-
fit Kraichnan-Kolmogorov spectrum with this same overall variance, and with a random
phase φn. More precisely, for n > n⊥ we randomly generate amplitudes as
cn = |c¯n|δn+1eiφn , (5.3)
where the δn are drawn from a gaussian distribution with null average and variance σ
2 ≃
(0.02)2, and the phases φn are drawn from a flat distribution in [0, 2pi]. Then the density
contrast in each direction [Eq. (3.4)] is derived as
∆ρ˜i =

∑
n≤n⊥
+
∑
n>n⊥

 cneiknr , (5.4)
where for the coefficients cn are taken directly from the simulations n ≤ n⊥, while they are
randomized via Eq. (5.3) for n > n⊥. Of course, one can generate different realizations of
the density profiles for n > n⊥ (see below). Finally, we adopt a filter in order to suppress
spurios localized fluctuations (spikes) in the reconstructed density profiles, which may emerge
in singular points where the original profile is step-like.
The density profile in the central panel of Fig. 3 is particularly well suited to investigate
the effects of the above randomization procedure, since it displays large fluctuations in the
interesting energy region and for a large radial range. Conversely, in the left (right) panel
of Fig. 3, level crossings occur only at small radii (energies), where randomization effects
produce only a minor impact on PH (not shown).
Focusing on the profile in the central panel of Fig. 3, we have calculated the crossing
probability PH(E) for 100 realizations of the randomized density fluctuations above n⊥. We
apply energy smearing as in Fig. 7 to remove (unobservable) phase effects in each realiza-
tion. Figure 8 shows the average PH(E) profile from the 100 realizations (dashed curve),
together with its ±1σ dispersion (gray band). For comparison, the PH(E) profile in Fig. 7
is superposed (thick black curve). It appears that in the energy range E ∈ [20, 40] MeV the
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effect of (randomized) small scale fluctuations can generate differences up to ∼ 20% in the
PH , but does not radically change the profile. In particular, the double-peak shape of the
PH is similar to the one obtained from the original density profile, taken at face value from
the simulations. Moreover, the results from this profile are roughly in agreement within the
±1σ dispersion band of the randomized profile. In general, by applying the randomization
method described above also to other density profiles from our 2D simulations, we do not
find dramatic changes (e.g., strong or complete depolarization) as in other cases considered in
the previous literature [33, 37, 39, 40]. Although limited to 2D SN models so far, our results
show the importance of anchoring studies of turbulence effect and randomization procedures,
whenever possible, to high-resolution SN simulations.
6 Summary and prospects
In this work we have carried out a study of the effects of matter density fluctuations on the
conversion probabilities of SN neutrinos, characterizing the matter turbulence from a high-
resolution 2D supernova model. The latter was evolved to sufficiently late times to follow the
shock dynamics in the density regime relevant for flavor transformations at energies typical
of supernova neutrinos. We found that the power spectra of the matter density fluctuations
along different radial directions show a “typical” structure which represents the imprint of
generic 2D turbulence, namely a broken power-law spectrum with average exponents p1 ∼ 5/3
and p2 ∼ 3. We evaluated the flavor evolution of SN neutrinos along representative density
profiles, exhibiting power-spectra with breaks at different wave numbers. We found that
the crossing probability PH exhibits, in all the different cases, a top-hat structure where PH
jumps to ∼ 1 at energies where an extremely non-adiabatic resonance takes place across the
shock front. We do not find significant damping of the crossing probabilities associated with
the matter turbulence. Since the available simulations might not fully resolve details at length
scales below O(100) km, we have also improved the treatment of small-scale fluctuations by
means of a randomization procedure anchored to larger scales. We find that the randomized
profiles generally preserve the main features of the PH(E) profile, although with a slightly
more pronounced damping in some cases. As a result, the shock-wave imprint on the crossing
probability seems to be a possible observable signature in the future core-collapse SN events,
with no large suppression by turbulence. We emphasize that, if SN neutrino energy spectra
of different flavor are not too similar at late times [54], shock-wave effects would give an
observable signature in the SN neutrino signal at large underground detectors [15, 16]. This
would be an important tool to follow in real-time the SN explosion dynamics, as well as to
determine the neutrino mass hierarchy. Therefore, we hope that the potential importance of
shock-wave signatures as a probe of neutrino physics and astrophysics will motivate further
attention and progress in numerical simulations, in order to investigate the impact of matter
turbulence in other independent SN models, possibly also in 3D.
As already commented, the transition from 2D to 3D is expected to bring turbulence
spectra from a broken power law into a single power law, with a Kolmogorov exponent
p1 = 5/3 across all scales. This expectation (not yet confirmed by the available 3D re-
sults [42, 43]) would in principle bring more power to fluctuations at small scales, with a
possible enhancement of the damping effect. In order to clarify this issue, a detailed study
with high-resolution three-dimensional SN models is mandatory. In this context, another
delicate issue is represented by the poorly known asymmetries in the progenitor stars prior
to collapse. While all current SN simulations are started from spherical models, it is pos-
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sible that the progenitor core at the onset of gravitational instability has turbulent density
perturbations on different scales (e.g., [51] and references therein). These pre-collapse in-
homogeneities and fluctuations could affect the SN explosion by seeding and enhancing the
hydrodynamic instabilities in the post-shock region [52], and their effects on MSW neutrino
flavor conversions still need to be explored. Finally, it should be noted that, since the neu-
trinosphere source has a finite size, the neutrinos emitted from different points propagate
through somewhat different (but correlated) density profiles. In this context, it might also
be interesting to study the correlation of the transition probabilities along relatively close
trajectories, as proposed in [53].
In conclusion, we believe that our study offers an interesting new perspective to the
issues raised by SN neutrino turbulence, at least in the realm of 2D simulations. Although our
approach has some limitations which prevent a wide generalizatios of the results, especially to
the 3D case, it illustrates a methodology that can be usefully applied also to other SN models.
When future, high-resolution simulations will become available for detailed and comparative
analyses, further studies will test the robustness of our results.
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